Module 4 measurable functions and integration on L (1)

4.1 measurable function [Fol 2.1]

4.1.1 general measurable function

Def 4.1 (M, N')-measurable function)

Let (X, M), (Y, N) be measurable spaces, QI3 f: X — YV i &:
BeN = fY(B)eM
, WFR f H—A (M, N)-measurable function.

&

M—~ measurable space % J;—> measurable space [/ function #§F55 measurable [{) 5514 M) 5]
AR AR A L BE 2 T 4.

X~ 5E AT topological space |- continuous f5E SC: BRI RITHEER) HERITEE, IEale e &—Rn). IF
HIRA1HI3E, topological space Fl measure space tHAG R ZAHLZ Ab. PRI IELE AT A — & 1 KR,
BRZR A AT 2 2 with respect to ‘B AT TR R] N A3 ()35 E ) o-algebra 1), 1% topologica spaces .
5] BRI B ) TR 1 E X2 with respect to ‘B TFTTERY topological spaces 3£ E ) topology.
XA E SCRER I 2 TR IR B A 2B BRI R AR AR . ((H@ M R RO ZE & A AT RE
U SE N T S W)

Proposition 4.1 (composition preserves measurability)

i f 2 (A, B)-measurable 1], g =& (B, C)-measurable ft], AF4 g o f &2 (A, C)-measurable ). .

Proof Trivial.

Let (X, M), (Y, N') be measurable spaces, flI5E N =< & > forsome e C Y, HF4

f:X =Y (M,N)-measurable < f~1{(E) e M VE Ce

Proof foward direction: trivial.
backward direction: Let
D:={ECY|fYE)eM}

KU D D e, 7 H D j2—A> o-algebra.

i D D<e>=N

Remark QUERFATHEE N 2l 5T 8 AR B R 1, 82060 T WL 8] 5i% 4> measurable space 1R %k, H
BARUEX AN THE P ) R DAY preimage #e FTIAERE AT AT, WA reduce FWr f measurable 1) 5544
[EIFEZE L topological space, U Y | topology f74E—> basis, AL AW f: X — YV ELE, HEEHW
X~ basis [) preimage #}/2& open HLE T .



4.1 measurable function [Fol 2.1]

Proposition 4.2

X1 topological space X, Y, let f : X — Y

f continuous = f 4& (B(X), B(Y)) measurable .

Remark topological spaces 2 [f], HE£E R EL—E £ 76 B 111 Borel algebra 2 [f] measurable 1.

4.1.2 real and complex-valued measurable function

Def 4.2 ((real-valued) measurable functions)

Let (X, A) be a measurable space, ¥ T f : X — R {18 &2 (A, B(R))-measurable [¥], oA T E 427
FRE & A-measurable [17, 8% {45 measurable [¥]. &

Remark S2Fr_E, IG5 AE, 2 ICREARERE IS LR T FBEER 22 T 2 XF L, L4050,
AR R BEICS, AFEATHH R 2 0k BLE .
E2EF L, AR T 8] —fc#f 2l ] extended real number system SFE{ 74347, #2348 T 55 [ 24
To55 BB KA T 4347
AMEA R A, X T EMEXRNS N X T 5 BT &, 75 Lebesgue FUMAR FX—1TAHAS
M0 R #T Y integrability I K integral RI{E, I FATT W] DAX A X — mi 2 S5 HE A 23 BRI, AR
A S5 8 SCRI RS (RIS, 233l A7 i i M HE K/ N2 A TE 55 181 W7 5 ek 8K, DA S TGIE E AT R
A 145 ) Bk

B(R) = {ECR|ENR ¢ B[R)}

PAK., B(R) 1) generating set 7] A2 A Y (a, o] HAEE [—oo, a) B, FTLA—4> map to R FIFHHE
AIMAY, & BIREHEE (a, o] BY preimage EFAT .

Def 4.3 ((complex-valued) measurable functions)

WM f: X — Cife: Re f,Im f #{/2 (real-valued) X -measurable 1], AL AHFR f f& X -measurable
1Y, 5% BBV measurable [Y). *

Remark {1 complex function f & W] PAE K
f=Ref+ilmf

XAE XHSEEMT f 52 (M, B(C))-measurable [, K AiX~ statment 254+ T Re f, Im f # 2 (real-
valued) X -measuable 1], X2 KK

B(C) = B(R?) = B(R) ® B(R)

Def 4.4 (Lebesgue measurable functions, Borel measurable functions)

Naturally, {15 f : R — C 22—~ £-measurable ¥R %L, AL ATRANTFR f /& Lebesgue measurable f¥).

[l REH, TR B —> B(R)-measurable (1)K %%, #% f & Borel measurable [1]. Y




4.1 measurable function [Fol 2.1]

Proposition 4.3

1EAE{7] M-measurable function f Fi compose —-> Borel measurable [} function, 45 A5k 2 M-

measurable [{], follows from composition preserves measurability.

[ )
Proof Follows from def.
Example 4.1 f2, —3f, ﬁ (f # 0) ISR M-measuble 7).
4.1.3 arithmetic and sequential preservation of measurable functions
Proposition 4.4 (addition and multiplication { B8 measuability)
W f, g =& M-measurable function, HR4 f + g, fg 2. N

Proof Suffices to assume f, g is (extended) real-valued. Complex case follows trivially.

Suppose f,g & M-measurable [, FENTAEEE: f + g & M-measurable ¥, suffices to show: (f +
g)"(a, 0] € M forany a € R.

FA] notice:

{ze X | f(2)+g(z)>a} = (J{]| fl@) >r}n{z|g(z) > a—r} .1
reQ

F /& finishes the proof.
X fg. TATEIA '
fo=2((f+97 1"~

F-J&th finishes the proof, following Fij—-{ proposition.

Lemma 4.2 (sequential behavior of real-valued measurable function)

TSR {fn : X — Rlpen 22— seq of M-measurable functions, 4,

1(x) = sup f;(2)
9:(x) = inf f;()

g3(x) := limsup f;(x)

Jj—o0

ga(x) = liminf f;(z)

j—o0

#B & M-measurable (7.

Proof

91(x) = sup fj(z).
JEN



4.2 simple function and integration of nonnegative functions [Fol 2.1, finished; 2.2]

SERTLER S
g1(z) > a <= 3j € N, such that f;(x) > a.
R,
{z]g1(2) > a} = [J{z | fi(2) > a}.
jeN
P -

= (a0
1

BT f; v, A {x ]| fj(z) > a} & M-measurable , [ W] JEES I ATEOFIRZPTINE, B g1

AT
inf: dually.
limsup: 4T inf of sup (k > n)
liminf: Z5F sup of inf (k > n)
MIXAS proof HLZEH R I T X M A . E%ﬁ

(sup;fj)~ U f

{H2AFAAEARH 2 A 2R, [H2h function seq 1 sup bR ﬁﬁb@% map | E R ITERE E PR —A
function f,, £, 3 HIHPFEAE—A limit 5% &.
PARAS T — MR EZ R E5 18 AR EHY seq B FPARER 175 78 2 AT U o5 44

W {fn : X — Rlpen 42— seq of M-measurable functions, HAF{T5 = AR BEEAELE, A4
f(z) == lim f;(z)

j—)OO

&2 M-measurable 1.

directly follows from lemma. Kk x A-8 FR AN ALE, IRA sup; fj(z) = inf; f;(z)

f, g M-measurable —> max(f, g), min(f, g) M- measurable

two element sequence, 43 23 4E, T4 follows form above.
TREAVIE, MIAHE f P fT = max(f,0), f~ := max(—f,0), 1A

f M-measurable =—> f*, f~ M-measurable

HHBT f=f"— 7 o HH | fl =T+, Hiif:

f M-measurable <= f* f~ M-measurable <= | f| M-measurable



4.2 simple function and integration of nonnegative functions [Fol 2.1, finished; 2.2]

4.2 simple function and integration of nonnegative functions [Fol 2.1, finished;
2.2]

4.2.1 indicator and simple function

Def 4.5 (characteristic (indicator) function)

Given £ C X, F&AiTE -
1 ,x€eFE
)= 0 ¢F
y L
&
I (X, M) J&—> measurable space, #54—> indicator function
x£E on X & measurable fj < FE ¢ M O

indicator function measurable 24 H {724’ indicate [{J4E £ measurable [1.

Def 4.6 (simple function)

—~ simple function on measurable space (X, .A) &> A-measurable function ¢ : X — C, taking

only finitely many values.

R QZ)(X):{Cl"" ’Ck} &

Proposition 4.5 ({§ F a sum of indicator functions of measurable sets g Y. simple function)

%} simple function ¢ : X — Cs.t. ¢(X) = {c1,- -, cn ) FATHATLAGE L EH:
¢(a’)) = Z CiXE;
j=1

H, E; = gb‘l({cj}). FATFRZ M: the standard representation of simple ¢.

)

X FE N, HS4EAE B(C) & measurable /], HHF ¢ measurable, 1582 E; € M. Remark X}

simple function

P(z) = Z CiXE,
j=1

—EH §
| | B =X
j=1
HA#EA—1 E; b o W{ER 0.
Lemma 4.4
TR ¢, : X — C J& simple functions, A4
° p+
° PV



4.2 simple function and integration of nonnegative functions [Fol 2.1, finished; 2.2]

° |¢|
o kpVk € C

#BS& simple functions.
FRaHb, AR ¢, ¢ : X — R, A4 max(¢, ), min(¢, ) /& simple functions.

Proof trivial.

4.2.2 measurable function is a limit of simple functions

Theorem 4.1 (approximating a nonneg measurable function by simple function)

{17 ) measurable f : X — [0, oc] #f/Z pointwise limit of an increasing sequence of simple func-

tions {¢,, : X — [0, 00|} nen. 0

Proof XA TE R RA S A H 2 H AR B,
X+ n € N, #fi1#K index 0 < k < 22" — 1
RIGXHEA kB

PAS:
Fo = f7H((2", 00])

R, FRATHE (0,27 3k AMEIR I AL T 22 4y, FHE (27, oo] X — 4Bk BA Sk 51 B — 173
X 227 1 MBI R, FRATTREEE 15 TR 1 function graph, FREUE X ) Preimage | [ indicator
function e PA 2%, X B I B/ IME Y constant R, T2 —E 2 1538]—1> well approximation:

22n_q

k
bn =) kouxe +2°xr,
k=0

On < i1 < f

foralln. ¥ HIE X \ F,, = {z | f(z) < 2"} ER&1FE:

1

BEE n 3K, mZOX AT w8 image, (FRARFAT AR MR T 55 0], IRRRIIE e o 45
W2 Te55), I ELAEIRA R 0 BOR BORS 41, 55 2453
o ¢, — f pointwisely

o 7£ f bounded BYE NI {= | f(z) < oo} Lk, ¢, — [ uniformly.



4.2 simple function and integration of nonnegative functions [Fol 2.1, finished; 2.2]

Remark FA1LEA & simple function Y REX AL ] £ measurability: 13X B 451 ¢, & simple function, 2
H T f measurable, DA T4 EF, F,, £ interval i) preimage, #§2 measurable sets.

Corollary 4.3 (approximating a complex-valued measurable function by simple function)
X AT i) measurable f : X — C, HAFAE a seq of simple functions

0< |¢1] < go| <--- <]

(ELE
o ¢n, — f pointwisely
o ¢n — funiformly on {z | |f(z)| < oo}

Proof FATAILAIE f 9% Im f, Re f, RJGFHEEMI3HF 0 Im f+ — Im f~, PAJZ Re f* —Re f~. 4%

21| g real-valued nonng functions.

4.2.3 integration of non-neg functions

Def 4.7 (L space and integration on it)

25 %E—> measure space (X, M, u) &A1& X:

L (p1) := {measurable functions f : X — [0,c0]}

X1 B | simple functions ¢ = 22:1 ajxe; € LT (w), BUFTA AEGY) simple functions, F477 & X
the integral of ¢ with respect to . by:

/qbdu / pdp) : Zam
STFAEER f € Lt (n), Ffi1E X the integral of f with respect to 1 by:
/fdu (= / fdu) = Sup{/ ¢pdp | 0 < ¢ < f, $ simple}
X

&

Remark [ MXT general [1)3E 71 ] I pR %%, FATE A 4.1 45501, FATAI PAH simple function SEIT{LIE. M

1M, B simple function FFR> R R & & X general measurable function R4

1M simple function [¥FA4y, BI4E T N AL, BTFRAT A, XM E XA R™ — R | Rieamnn

PP A RRIIMLZ AL, AN FFET— A0 SO — DB,

ZIEERAELIEN], 7E R® — R b, firfy Riemann 7] FH) B4t Lebesgue IR, - HAS 2 i 45 5 AH 7).

X — A SO X Riemann R 3 H4E)

Remark measure theory H R /3 BTS2 R™ H & i RRER 41 21 7 AAl G 0 0 132 2 () 3 % i eR 28 T
A AR AR IS, Hanflesr TE =X AR 2 I 4 SE{E R 20 B 43 4fE) 1) T oriented smooth manifolds



4.2 simple function and integration of nonnegative functions [Fol 2.1, finished; 2.2]

b, AAXAT PAFRSY scalars 38 ] ARG [a] 537, 3k SEFR 3 BRI I S [F] AU X R? — R AR AR 2
coincide [1).

EH BB B LR AR A b, Jiad SR B R A (B R R DA AR FEAR (mea-
sure function), 1533 — MR B . BT XNHEEAS RN R | generalize 1), A4 FPA [F] 153 3
WIE R ERgFR4 &2 coincide [

Def 4.8 (integration on a subset)

XtdE simple functions ¢ = Z?:l ajXE; € Lt (M), Feli1E X the integral of » on A € M with

respect to y by:
[ odui= [ oxad

XFT general 1) f € LT (), FATWAMIM E L
[ fdn = sup [ 6du|0< 6 < £, simpte}
A A

&
Remark
/A¢ dp = /¢XA du =" _a;jxang,
J

Proposition 4.6 (integral of simple functions {14 57)
Let ¢, 1) be simple functions in Lt (), A

o homogeneity: X} T{EEIEt e, H [co=c [ ¢

o linearity: [(¢+v¢) = [+ [¢

o monotonicity: ¢ <y = [¢ < [¢

o induced measure: A — [, ¢ dp Z2—4> M L[] measure. o

Proof homogeneity trivial .

linearity: Let

n n
= axm U= bixg
i=1 j=1

A
Ej=| |(B;nFy) ,F.=||(EnF)
k J
for each j, k. M\IA
[o+ [6=3 0 +bouE;n k)
ik

Monotonicity: trivial.
induced measure: H FFEEH countable additivity, T-5&Fk {11l A be the union of a disjoint seq in M, :

/Aﬂszzjz%ﬂ(flﬁf’?j) Z%;ajM(AkWEj) I%:Ak¢

Remark A5, FATE L HT > measure 157 “IRFUERE”, 2K L—> simple function $4 HE X A FH %
PEAS B I FR 43, 1B AR v 4L R4 XOn] PASE L5 —> measure;



4.2 simple function and integration of nonnegative functions [Fol 2.1, finished; 2.2]

XA measure s HANEGH B, - - - By BIRCERTEXMAFREE FE DA K simple function ii4E G 2 K.
AR 2NFT general 1) f € LT (), A WA HIPU %G A7 S ? 55X, monotonicity 1 homogeinity 2 f} 37

B (LA 2 0, A
/&du+/gmu3/u+mdu

< RAEZUEHIR, (B2 > A7 SUANE. S TIER] > 53X AT 1), ST 2R T A E B

4.2.4 MCT

Let {fn}nen be aseqin LT (p), 7 HA fn < foi1 for each n.
FAi7 define:
f = hrrlnfn (: sup fn)

U —EH
fr-tm [

4 Note JLANEEE: 1. X PMRIEREL f 2 well-defined | (7] §E co), by numerical sequence FY
monotone bounded convergence theorem.
2. R, (T [ fu < [ for < [ f,3EA lim [ f, BRFFFERY.
3.9 H, f 2R, B2k by A lecture (52 0 AT 0 R 5 5 51 RO AR PR th 2 7T 0 o8 4.
PAEE4TUERH: By monotonicity of integral,

im [ g < [ f
s natural (1. P 7 2EUER 75— 7 [1).
By def, [ f =sup{[ ¢ | ¢ < f} where ¢ is simple. [HTf] it suffices to show: Xt F{EE simple ¢ < f, &FH

lim [ f, > [ ¢
AT fix —41~0< o < f. WTS:
im [ £, [0
FOER] lim [ f, > [ &, BATHHEHEACRIER:
Va € (0,1) li7rln/fn2a/¢
FRATH
En:={z| fu(z) > ag} = f!([ag,q]) € M

KoK, En C Epyy for each n. 3 H Claim: | J,, B, = X. GXHE AT AZMIEL o XANE SCORIAT
R X EEh a < 1, 3 H. f,, converge pointwisely to f, by measurable function [#{] limit behavior. T HF
simple function ¢ 2 bounded H], \T f. & uniformly [@_E3#%ik (AZFEL) ¢. B o B AT RIE —

EFEE—IMnERE, =X
TRe®IA:
/fn > /fann > /04<Z5XE,L =a Enqﬁ



4.2 simple function and integration of nonnegative functions [Fol 2.1, finished; 2.2]

FATIAE T A B — 22 T TR BF E — [ ¢ —4 measure on (X, A), by continuous from

below, &:

i [ o= [o
MITA

lim / fn>a / ¢
finishing the proof.

AR EEAER. BN T AES AR BRI RR AR 2 F TR HIRER, AT IAHEEAR
PR AR 53X A MR IEHATIR T
PATR A— R MCT 1338|451,
Example 4.2 B

(N, P (N) 5 ,Ufcount'ing)

TR
L* () = {f :N = [0,00]}

A I B REE] reals B AL (FIOAFRATHCT power set {12 o-algebra)
TR BT A — A pR KRR 1] LA

¢n.-j{jf‘ p{ih) = )
j=1
FIEIE. M _
/f=§jmﬁemm
7=1
TR B ARSI f 7T ﬂuw%N%zmmmT&Mﬁﬁ

Zm fo

4.2.5 (countable) linearity of integral

froettw) = [+o= [+ o

{#i | approximation by simple functions DA J; MCT. B

& S fy b g
N}
bn+n S f+yg

J+9 " tm [0+

, T FATA



4.3 properties of integration on L™ () [Fol 2.2, finished]

M H simple function [#%) Linearity 7531

/(f+g)=117£n/¢n+li£n/¢n
Jour [ ][
Jtvoz= [+ [

HHi T

152

55— 1] trivial.
Remark B AT,

[+ | f & R-linear fRR5T.

4.2.6 Tonelli for sum and integrals

Corollary 4.5 (Tonelli for sum and integrals)

for { fi}ien in LT (1), A:

/gfizg/fi

Q@
Proof Apply MCT to
n
In = Z fi
i=1
AFFIE.
Remark X4z linearity of integral [\ countable version.
1Al W MCT B AR ARK.
4.3 properties of integration on " (1) [Fol 2.2, finished]
4.3.1 Fatou’s Lemma
Theorem 4.3 (Fatou’s Lemma)
4 (fn) be a seq of functions in Lt (u), then
liminf/fn > /liminf fn
n n
Q
Proof Set
In = #&2 In
TR

gn " liminf f,

11



4.3 properties of integration on L™ (p) [Fol 2.2, finished]

lim/gn = /limgn = /liminf fn
n n n

By def, & 14 gn < fn ¥n, T2 by monotonicity, [ g, < [ f. M

lin% inf / fn > lin% inf / Jn = liTILn / Gn = / limn inf f,

Xt increasing B M A limit BRI (f,), FAT0] A H MCT.
@A TAERER AT (fn), FATICIEME A MCT, AN 55 46IR A< Fatou’s Lemma. ‘&3R8 THRBRHIFR
5 INFET RO TIRR.
o —MFEEIERIFE, O HR £ pointwise B} FR g — MR 2 i ) 155
TR B 2 — 1> numerical seq PR, HLAE robust. T pR ALY 2 SR BR 2 — A LA TR E I, 7
R HE SR RAT RS, TR "RE” STEE—MILERKRHHRE, BAEPAGEEE T uncountably
many > S H) & BB R IR SR PR B9 RER, MRS HIRIR R 2 B0 S iR SRR, EmMK/NKRRREA.
Example 4.3 B (R, £,m), % & L1 (m) RS IR Lebesgue ] pR%R.
T AU AER £ LY Fatou’s Lemma {5l 1-:

1. escape to hat:

F-72& by MCT, we have:

Jn = X(n,n+1)
fo TER _EFFS
2. escape to width:

1

In= ~X(0,n)
fo BHATET A
3. escape to height:

fa= nX(0,1)

o BUEAZ R
XEZAE T HPEA f, — 0 pointwisely. [T

i

4.3.2 Chebyshev’s inequality with corollaries

%FF measure space (X, M, pu), W f € LT (u) 7 H c> 0, BFA4
1
prza<y [



4.3 properties of integration on L™ () [Fol 2.2, finished]

/fZ/fXEZ/CXE=C/XE=CM(E)

Remark —AN0] R EE, 54T constant 1 & _FHAYFS), by definition.
XY R H B 458

Proof Let E :=u{f > c}

Proposition 4.7 AESI R EFRS A 0 N FIL T4 A 0)

& felt(u) A:

/ f =0 f = 0ac. (HINZE—EMIELIE0)
[ Y

Proof forward direction: directly follows from Chebyshev: set A,, := {f > %}, XFALE n #8 n(Ad,) <
n [ f = 0. A by ctn from below, > 0 Zb#4) %25 £E.

backward direction: % simple function, trivial by /¥ 5E X5 X} general f, i limit 53] (BN 1
firf simple functions 1, a.e. >4 0 A IFR4>H4 0).

Corollary 4.6 (JL F4b 5185 RIIE S R BAIR 53 1HE)

Let f,ge Lt (p) H f=gae, WA
f=1g9
Jr=] :

Proof Set D := {z | f(z) # g(x)}, W u(D) = 0 by def

/f [+ r=0e[ 9= [

Corollary 4.7 (liminf version of MCT)

suppose (fn)nen s&—4> seq of functions in Lt (p), H. fr, — f € LT (u), M:

hm inf / fn> / f
Q@

Proof U2 —AMFMBEIAN MCT 48 fn 7 f IARIFSORLT fo — f ae, IRRIEHE BRI L.

modify f,, and f on a null set (thus without chaning the integral) )i, follows directly from Fatou’s lemma,

Theorem 4.4 FRAU S — KBS EZM, LK support o-finite)
W fe Lt(u) B[ f| < oo, MA:

p{z e X | f(z) =o0}) =0

HH.
{z | f(z) >0}

is o-finite QO

Proof T $% follows from Chebyshev. Hi

Api={z| f(z) > t}
fort > 0.

13



4.3 properties of integration on L™ () [Fol 2.2, finished]

{reX|fx)=00}=)An
n=1

By Chebyshev, each A, #3A: pu(A4,) <
0.
A

J t. A by continuous from above A] 55X A~%24E Y measure Ay

1
n

{zeX|flx)>01=]A

n=1

1
n

H:rp1, each set has measure < n [ f < co. By def, X~ 4 o-finite.

14
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